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1.  INTRODUCTION 
This paper deals with the analysis of nonlinear kinetic equations for a disparate mixture of spher- 
ical particles undergoing dissipative binary collisions. These models seems useful for application 
of kinetic theory in astrophysics as documented in [1-3]. This paper is the first step of a research 
project developed in order to analyse the mathematical spects of Boltzmann-type models for 
particles undergoing nonelastic ollisions. The background both for modelling and for the quali- 
tative analysis of the solutions are the papers [4,5]. The literature on the qualitative analysis of 
nonlinear models in kinetic theory can be recovered by paper [6]. 
The analysis of the dissipative collision mechanics for a disparate mixture of spherical particles 
is dealt with in this introduction. The second section deals with the modelling of nonlinear 
generalized kinetic equations for the mixture. The third section deals with the derivation of 
hydrodynamic equations. 
Inelastic collisions are such that mass and momentum are preserved in the binary collisions, 
but energy is dissipated. In particular, consider a disparate mixture of spherical particles uch 
that the mass rn of each particle spans continuously in the range [m0, ml]. 
Following [4,5], dissipative collisions of the test particle (re, v) with the field particle (m*,w) 
such that the energy is partially dissipated and let/~ E [0, 1/2) the parameter which characterizes 
the energy dissipation. The postcollision velocities are then 
v* = v + (1 - ~) n (w - v ,  n) ,  2# (1 --/~) n (w -- v, n), (1.1) w* =w-  #+/2  
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where 
m Wt* m0 
----" --ml • [#0, 1], P "~ --ml • [/~0, 1], ~o ---- --,ml (1.2) 
and n is the unit vector in the direction of the apse-line bisecting the precollision and postcollision 
relative velocities. System (1.1), as shown in [5], is invertible and provides the velocities 9 and @, 
which produce the velocities v, w in the dissipative collisions 
( ) 2/2 1 - f~ n(w - v, n), @ = w - - -  ~=v+- -~ ~ ~+P ~ n(w-v,n) .  (1.3) 
For ~ -- 0, that is the completely elastic case, one obtains v* = 9 and w* = @. In this case, 
the standard notations v'  and w', respectively, will be used. Note that for f~ • [0, 1/2), mass and 
momentum are preserved in the collisions. On the other hand, for every f~ • (0, 1/2), energy is 
not preserved 
~lv* l  ~ + plw*l 2 = ~lvl 2 + plwl ~ + 4/3(/3 - 1)~l(w - v, n) l  2. (1.4) /z -i-/~ 
2. KINETIC MODELS 
We can now deal with the problem of deriving kinetic equations for particles undergoing binary 
dissipative collisions. The reference point for the modelling (developed in the framework of the 
nonlinear phenomenological kinetic theory) is the generalized Boltzmann equation for elastic 
collisions. This model, proposed in [7], is an equation such that the variations of the distribution 
function of the colliding particles, with centers localized in Xl and x2, at intermolecular distances, 
are taken into account, averaging the distribution function of the field particles over the action 
domain of the test particles. 
Consider a mixture of particles with the collision dynamics defined by equations (1.1)-(1.3) 
and let f~(t, x, v) be the one particle distribution function characterized by the parameter c~ 
- -  ~0 
o ~ -  - -  • [0 ,1 ] .  
1 - #0 
The generalized Boltzmann equation for the mixture is the evolution equation for fa that can be 
derived under the classical assumptions of the phenomenological kinetic theory of gases. One has 
to take into account collisions of particles with mass defined by the parameter range [~, ~ + da] 
and then consider all admissible ncounters by integrating over ~* in the domain [0, 1]. Then 
( °  +V.Vx +yo. Vv) I. 
where 
/0° / J(fa, fa*)(t, x, v) = (2f~ --- 1) 2 
R 3 xS~_ 
- a2f~(t,x,v) fo ~ 
1 
= ~o J(f~,fa.)dc~*, (2.1) 
(n, w - v)f~(t, x, 9)f~. (t, x + rn, @)P(r; n) dn dw dr 
(n, w - v) fa .  (t, x + rn, w)P(r ;  n) dn dw dr. 
R a x $~_ (2.2) 
We have used the following notations: ~a is the external force field, a is the radius of the 
action domain of the gas particles, and the integration domain of the variable n is S 2 = {n E S 2 : 
in, v -  w) >_ 0}. The model is such that the distribution function of the field particles is averaged 
with the weight defined by a suitable probability density function P(r; n) = P(r; -n ) ,  r E [0, 1]. 
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Some particular models can be obtained by equation (2.1): 
• P(r;  n) = 8(r) yields the Boltzmann equation for a mixture of hard spheres undergoing 
dissipative collisions. 
• P(r;  n) = 6(r - a), Vn e S~_ and some a > 0, yields the Boltzmann-Enskog equation for a 
disparate mixture of spherical particles, with diameter a, undergoing dissipative collisions. 
• ~ = c~* = 1, yields the generalized model for a simple monoatomic gas in dissipative kinetic 
theory. In this case, the Boltzmann and Enskog collision operators will be indicated by 
B a and E a, respectively. 
• /3 = 0 yields the models for elastic collisions. In this case, the Boltzmann and Enskog 
collision operators will be indicated by B and E, respectively. 
Consider now the Boltzmann 
absence of an external force field 
equation for a monoatomic gas with dissipative collisions in 
a2 / 
= (2/3- 1) 2 (n, w-v>f ( t ,x ,~c) f ( t ,x ,@)dndw 
R a x S~_ 
-a2/(t ,x,v) / (n, w-v)/(t,x,w)dndw. 
i /  
R s x S~ 
In this case, the velocities 9 and @ are given by the simplified expressions 
1- /3  
, = v + n<w - v ,  .> ,  ~ = w - f -  @ .<w - v ,  .>. 
It can be shown that the only equilibrium solution is the vacuum solution. 
(2.3) 
(2.4) 
PROPOSITION 2.1. Let/3 E (0, 1/2) and 0 < f e LI(R 3) be such that Ivl2f(v) E LI(R3), then 
the following implication holds: 
B#(f,f)=O ¢=~ f=O. (2.5) 
PROOF. The following implications and equalities are verified by direct calculations: 
B~(f, f )  = 0 =~ / [v l2S~( f ,  f ) (v)  dv = 0 
~g 
R a 
o2 f (2/3 - 1) 2 (Iv12 + Iw12) I(n, w - v>lf(t,x, Vc)f(t,x,@)dndvdw 
R s x S~_ x R s 
= / (Ivl 2 + Iwl 2) <In, w-  v)l/(t,x,v)/(t,x,w)dndvdw 
R s x S~_ x R 3 
f (2/3- 1) 2 (Iv*12 + Iw*12)I(n, w-  v) l f ( t ,x ,v ) / ( t ,x ,w)dndvdw 
R a x S~_ x R 3 
= / (Ivl 2+lwl 2) I<n,w-v)lf(t,x,v)f(t,x,w)dndvdw. 
R s xS~_ xR 3 
That implies, taking into account (1.4) with # =/2 = 1 and that/3 ~ (0,1/2), the following 
1) / I(n, w-v)lZY(t,x,v)/(t,x,w)dndvdw = 0; /3(/3- 
R a xS~_ xR  s 
that proves the proposition. II 
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The nonexistence ofa strictly positive quilibrium solution addresses the qualitative analysis of 
the initial value problem in terms of perturbation ofvacuum. Existence of renormalized solutions 
in L1 for large initial data can be proved in the same way as [4,5]. Existence and uniqueness of 
solutions can be obtained imposing suitable smallness conditions to initial data decaying to zero 
at infinity. The result is essentially like those which are known in the literature [6]. 
3. ON THE HYDRODYNAMIC L IM IT  
This section deals with the Boltzmann equation with dissipative collision term towards the 
derivation of hydrodynamic equations. Consider then the initial value problem related to equa- 
tion (2.3) in dimensionless form 
where e is the Knudsen number. 
It is well known, e.g., [8], that the concept of continuum flow, which leads to hydrodynamic 
equations, is valid only in the limit e ~ 0. Problem (3.1) is, in such a limit, a singularly perturbed 
problem. 
Actually, equation (3.1) is characterized by two small parameters e and/~. Therefore, different 
hydrodynamic limits can be obtained according to different relations between them. In particular, 
the fact that the unique equilibrium solution is the zero solution leads to the conclusion that one 
cannot obtain a reasonable hydrodynamic description (if s tends to zero) at a fixed value of 
]~ = f~0 > 0. The same situation occurs if both e and/~ tend to zero, but f~ is large compared 
with e. 
We refer to the following two physically meaningful cases: 
c = f/~ 0, (3.2) 
and 
= c p l 0, p > 1. (3.3) 
As we shall see, (3.2) corresponds to a hydrodynamic limit different from the one of the 
Boltzmann equation with elastic collisions. In fact, both at the level of the Euler equation (the 
0-order approximation) and of the Navier-Stokes equation (the 1-order approximation) a new 
term appears. This term is induced by the microscopic dissipation. On the other hand, in 
case (3.3), the microscopic dissipation term is of the order of ~p-1; then it is of an order lower 
than the one of the approximation when p E (1,2); and it is of an order higher than the one 
of the approximation when p > 2. The conclusion is that if (3.3) holds true with p _> 2, then 
problem (3.1) provides the same hydrodynamics of the classical Boltzmann equation. Referring 
to the analysis developed in [8], we remark that the hydrodynamic behaviour of the solutions 
of equation (3.1) is similar to the one of the Boltzmann-Enskog equation (for ~ = 1), where if 
a -- e ~ 0, then an Enskog term appears in the hydrodynamic description. On the other hand, if 
a << e l 0, the hydrodynamic description is the same of the Boltzmann equation. Of course, the 
physical meaning of the additional terms has a different physical interpretation. 
According to the theory of singularly perturbed problems, the behaviour of the solutions of 
problem (3.1) in the hydrodynamic limit /3 ~ 0 and e ~ 0 can be studied by comparison of 
the solution of equation (3.1) with the solution of the corresponding degenerate problem that 
is obtained if each small parameter in equation (3.1) is formally equated to zero. This yields 
B(f, f) - BE(f, f)lf~=o = 0, where B(f, f) is the classic Boltzmann collision operator. As known, 
the unique class of solutions to this equation is represented by the so-called Maxwellian solutions 
M(t, x, v) = M[p, u,T], where p, u, and T are the fluid-dynamic parameters. We can state that 
the Maxwellian solutions for the Boltzmann equation define the class of hydrodynamic solutions 
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to problem (3.1). On the other hand, we have seen that the unique solution to B~(f, f)  = 0 is 
the zero solution, that is different from the hydrodynamic solution. 
Let p, ui, T : [0,t0] x ~ --+ R',  i = 1, 2,3, be the smooth functions uch that p and T are 
strictly positive and let M = M[p, u, T] be the corresponding Maxwellian. Moreover, 
• L2{M} is the function space equipped with the norm JJf; L2{M} H = Ill.M-(1~2); La(Ra)Jl, 
and with the inner product (fl, f2)L2{M} = ( f l  M- l ,  f2)L2(Ra) • 
• The "hydrodynamic" subset in L2{M} is defined by A f = lin{M¢i : i = 0 . . . .  ,4}, where 
¢0 = 1, ¢i = vi, (i = 1, 2, 3), ¢4(v) = Ivl 2 are the collision invariants. 
• The projection operator from L2{M} into Af is denoted by P. 
Consider the case defined in (3.2). Assuming that the initial datum is given in a hydrodynamic 
form (and suppressing the initial layer effect, see [8]), the solution can be looked for in the form 
f = E eJf(J) + etfR, (3.4) 
j=o 
where f (0) , . . . ,  f(n) are the terms of the Hilbert expansion and fR is the remainder. Note that 
n and ~ must be chosen such that both ~ and (n - ~) are sufficiently large; see [8]. 
The formal expansion, with respect o f~, of the term B ~ yields 
where 
B~I ) (f, f)(t,  x, v) = 2 
Bf~(f, f) ~- B(f  , f) + f~B~l)(f, f) + o (f~2), 
f J<n, w-v>J f ( t ,x ,v ' ) f ( t ,x ,w ' )dndv  
R a x S 2 1/ 
+ ~ I<n, w - v>J<n, w - v){((n, Vy)f(t,x,y))Jy=,,,f(t,x,w') 
R 3 x S 2 
- (<n, Vy>f(t,x,y))Jy=w,f(t,x,v')} dndv. 
(3.5) 
VZ)M = VB~I)(M,M ) (3.6) 
is satisfied. Moreover, for all ¢i EAf, 
j fRs  ¢i(v)Bil  ) (f, f)(t, x, v) dv 1/ 
2 
Ra xRaxS~_ 
I<n, w - v>l 2 (<n, Vv)¢i(v)) f ( t ,x ,w)f ( t ,x ,v)  dndwdv, 
for each f regular and with a sufficiently rapid decay to zero at infinity. Therefore, the explicit 
form of equation (3.6) reads 
Op 3 0 
o-7 + = 0; 





Still, following [8], one can show that f(0) is a Maxwellian f(0) = M[p, u, T], with fluid dynamic 
parameters p,u, and T such that the hydrodynamic equation 
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where 
= ~ ]w - vl s exp ( - Iv{  2 - ]wl 2) dv dw > 0. (3.8) 
R a × R a 
Equations (3.7) define a system of Euler equations with negative source term in the energy 
equation. This new term is due to the microscopic dissipation of energy, that  is of the order 
of Knudsen number. Using the modified Hilbert procedure [8] yields the Navier-Stokes ystem 
for compressible fluids with the same new term xp2T 3/2 in the energy equation. In detail, the 
energy equation reads 
= e ~-~ -~x ~ #v(T)  E uJ \ ox  + Ox~ / - gu,-~-~zj J + ,h(T) , (3.9/ 
~,=i i= I  
where #v and #h are the viscosity and heat conduction coefficients, respectively. 
A further analysis of the above problem should show that  if there exists a to E (0, oo) such that  
a smooth solution (p, u, T) exists in the time interval [0, to], and if, in addition, the initial data 
in (3.1) are such that  F = M [p, u, T] It=0, then one can find a critical value e0 = e0(t0) such that  
if 0 < e < c0, then solution f of problem (3.1) exists in a suitable Banach space and in the norm 
of that  space 
sup Ill - MII ~ Cto c, (3.10) 
[0,tol 
where Cto is a constant depending on to. 
The above-described method can also be applied to the generalized Boltzmann equation, as 
well as to the Enskog equation provided that  a << 6. However, when a is of the same order of e 
one has an additional term (see [8]). 
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